
Abstract — In this paper, we analyze the five-copy
transmission with bit error correction mechanism based on
majority combining and derive the exact expressions for
calculating the probability of successful single and double bit
error correction using majority logic decision in the same bit
positions. The results of analysis show that the majority
combining offers much better performance compared
to the simple selection combining techniques.

Keywords — Bit error correction, five-copy transmission,
majority logic decision, transmission error probability.

I. INTRODUCTION

N order to improve the reliability of packet transmission
in the presence of high bit error rate, authors have

proposed simple hybrid error recovery procedures based
on the multicopy transmission and majority combining
technique that requires only minor modifications at the
receiver. A majority combining scheme employs majority
decision criterion in the same bit positions and verification
of the frame checksum in the result copy [1]. This
technique may be especially interesting in cases where
applications already support multicopy transmission.

Our goal is to derive the exact expressions for transmission
error probability and probability of successful single and
double error correction using the majority logic in the
same bit positions. The analysis is presented in the case of
five-copy transmission with majority logic decision
assuming the following: (a) frame synchronization is
perfect, i.e., there are no problems in recognizing the
beginning and in identifying each frame, (b) errors are
statistically independent and uniformly distributed, and (c)
frame checksum bits are transmitted without errors.

The paper is organized as follows. Sections II deals with
theoretical analysis of the transmission error probability.
The theoretical results are reported in Section III.
Conclusions are provided in Section IV. The exact
calculation of the probability of successful single and
double bit error correction using majority logic in the same
bit positions is given in the Appendix.
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II. TRANSMISSION ERROR PROBABILITY

The analysis of multicopy transmission is based on the
simplified model shown in Fig. 1. The transmitter (side A)
sends to the receiver (side B) the blocks that consist of five
identical frame copies. Each copy of a frame contains user
packet (I) and header (H) with additional bits for error
detection, numbering, and identification. The transmission
is considered successful if at least one of five received
copies contains no detectable errors or if the
implementation of bit-by-bit majority combining procedure
yields frame in which all errors are corrected. In case when
there is at least one bit position with triple and more errors,
further retransmission is required.
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Fig. 1. Simplified model of multicopy scheme.

Transmission error probability of hybrid m-copy procedure
with majority combining is equal [2]:

),,(),,(),,( mnpqmnppmnpp mlmh . (1)

where mp  is probability that all m copies are transmitted

with errors, and mlq  is correction factor (p denotes bit

error probability, and n, frame size). We show in Appendix
that in the case of single or double errors in the same bit
positions, the expression for the correction factor is:
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where coefficients m1 and m2 represent the number of
various events with single and double error combinations,
respectively, which provide at least one error in each copy,
but not more than two errors in the same bit error
positions. The number of events with identical pairs of
coefficients 1m  and 2m  is denoted with ),( 21 mm .
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III. NUMERICAL RESULTS

Transmission error probability pm of standard and ph of
hybrid five-copy procedures with majority combining in
the case of combination of single and double errors as
function of bit error probability p is presented in Fig. 2. It
can be observed that probabilities pm and ph increase
monotonously with increasing of p. In addition to the
analytical results, simulation results (marked with (*), (+)
and (x)) are shown. For the adopted values of the bit error
probability in the range 0.001 to 1, we generated error
pattern of size nf x n bits (nf = 3000 copies, n = 128 bits).
The agreement between analytical expression and
simulation results is visible. When bit error probability is
equal 0.02, transmission error probability of standard
procedure is approximately 0.67, and hybrid procedure
0.01. The contribution of majority combining for the same
bit error probability is 0.66.

Fig. 2. Transmission error probability and contribution
of five-copy majority combining.

Fig. 3 shows the relationship between bit error
probability p and contribution of majority combining qml

for different values of the frame size n. It can be observed
that the contribution of the majority combining depends on
the frame size and that there are bit error probabilities for
which this contribution is maximal.

Fig. 3. Contribution of five-copy majority combining
for different values of frame size.

IV. CONCLUSION

In this paper, we presented theoretical analysis of the
five-copy transmission with error correction mechanism
based on majority logic decision. We derived analytical
expression for calculating transmission error probability
and probability of successful single and double bit error
correction using majority logic in the same bit positions.
We showed that proposed multicopy scheme with majority
combining offer better features comparing to the standard
scheme.

APPENDIX

Methods for analyzing contribution of the majority logic
in cases of three-copy and five-copy models are similar.
Hence, three-copy analysis can be “conditionally”
extended to cases with double errors in the same bit error
positions [2]. Let Si (i=0:31) represent possible
combinations of errors that may occur in the transmission
of bits at the same position of five copies of received
frames. These outcomes can be specified by the j-th
channel error indicators ),( ijE , j = 1, 2, 3, 4, and 5 as

shown in Table 1.

TABLE 1: SPECIFICATION OF ELEMENTARY EVENTS Si.
Error indicatorEvent

Si E(1,i) E(2,i) E(3,i) E(4,i) E(5,i) Error
  0 0 0 0 0 0 0
  1 1 0 0 0 0 1
  2 0 1 0 0 0 1
  3 0 0 1 0 0 1
  4 0 0 0 1 0 1
  5 0 0 0 0 1 1
  6 1 1 0 0 0 2
  7 1 0 1 0 0 2
  8 1 0 0 1 0 2
  9 1 0 0 0 1 2
10 0 1 1 0 0 2
11 0 1 0 1 0 2
12 0 1 0 0 1 2
13 0 0 1 1 0 2
14 0 0 1 0 1 2
15 0 0 0 1 1 2
16 1 1 1 0 0 3
17 1 1 0 1 0 3
18 1 1 0 0 1 3
19 1 0 1 1 0 3
20 1 0 1 0 1 3
21 1 0 0 1 1 3
22 0 1 1 1 0 3
23 0 1 1 0 1 3
24 0 1 0 1 1 3
25 0 0 1 1 1 3
26 1 1 1 1 0 4
27 1 1 1 0 1 4
28 1 0 1 1 1 4
29 1 1 0 1 1 4
30 0 1 1 1 1 4
31 1 1 1 1 1 5

*(1 denotes erroneous and 0 denotes correct bit transmission)

Assuming that error indicators ),( ijE  have value 1 if

there was an error and value 0 in the opposite case, the
probability ip  of the elementary event iS  is given by:
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The transmission of five copies can be described as

complex event where elementary event iS  is repeated

ii ka  times. With ia , we denoted the existence of event

iS  and with ik , the number of its occurrence. The

probability of this complex event has multinomial
distribution:
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where nkakaka 31311100  and ai = 1 or 0 (1

denotes the existence of event Si).

For the error correction algorithm based on majority logic
decision in the five-copy transmission, of interest are only
cases of single or double errors in the same bit positions.
All five copies are erroneous if there exists combination of
events Si (i=1:15) that provides at least one error in each
copy, but no more than two errors in the same bit
positions, while all other events can be only S0. The
identification of such combinations of elementary events Si

(i=1:15) that fulfills the above stated condition is a rather
complicated problem. To solve this problem, let us first
create a matrix A of size [215x15] whose elements

(*)
ii aa  denote either presence ( 1ai ) or absence

( 0ai ) of an elementary event Si. Each row of this

matrix represents one possible combination of event Si

(i=1:15). The total number of all possible combinations is
215.
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Next, let us create a matrix S of size [15x5] whose
elements represent elementary events S1, S2, …, S15.
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Elements of the first column of matrix S represent either
presence or absence of errors in the first copy. Elements of
second column represent either presence or absence of
errors in the second copy, and so on. Finally, elements in
last column represent either presence or absence of errors
in the fifth copy of the frame.

Let R denote the product of matrix A and matrix S. A
criteria of majority logic decision is satisfied if all
elements of a j-th row of matrix R are equal or greater than
1. In that case, for j-th rows of matrix A, we determine
coefficients 1m  and 2m  as 5211 aaam  and

15762 aaam . These coefficients represent the

number of various events with single and double error
combinations, respectively. In Table 2, all possible
combinations of events with single and double errors that
fulfill above condition are illustrated. We use ),( 21 mm

to denote the number of events with same pairs of
coefficients 1m  and 2m .

TABLE 2: SPECIFICATION OF ),( 21 mm COEFFICIENTS.

m1
m2

0 1 2 3 4 5

 0 0 0 0 0 0 1
 1 0 0 0 10 20 10
 2 0 15 90 180 150 45
 3 30 230 630 810 500 120
 4 135 750 1650 1800 975 210
 5 222 1140 2340 2400 1230 252
 6 205 1030 2070 2080 1045 210
 7 120 600 1200 1200 600 120
 8 45 225 450 450 225 45
 9 10 50 100 100 50 10
10 1 5 10 10 5 1

The total correction factor qml represents the sum of

partial correction factors *
mlq  for each pair of coefficients

),( 21 mm  shown in Table II. In the case 5m1  and

10m2 , expression for the partial correction factor *
mlq

is:

,,,,(* 0ka0ka0kaGq 551100ml

,,,, 0ka0ka0ka 15157766

),,,, 0ka0ka0ka 313117171616 . (7)

We now introduce following notations:

iii kac ,   (8)

),,,(),,,,,,( 151031161510 cccG0c0ccccG ,  (9)

)()(),()(),()( ii
0
iiii cG0cGcG0cGcG0cG . (10)

We can derive analytical expression for partial correction

factor *
mlq  in the case 3m1  and 3m2  (an example:

a1 = a2 = 0, a3 = a4 = a5 = 1, a6 = a7 = a8 = 1, a9 = a10 = a11

= a12 = a13 = a14 = a15 = 0). According to the [2],

expression for the partial correction factor *
mlq  is:

81



),,,,,,(),,,,,,( 87654308765430 cccccccGcccccccG

),,,,,,(),,,,,,(

),,,,,,(),,,,,,(

),,,,,,(),,,,,,(

0
87654308

0
765430

87
0
65430876

0
5430

8765
0
43087654

0
30

cccccccGcccccccG

cccccccGcccccccG

cccccccGcccccccG

),,,,,,(

),,,,,,(),,,,,,(

),,,,,,(),,,,,,(

),,,,,,(),,,,,,(

),,,,,,(),,,,,,(

),,,,,,(),,,,,,(

),,,,,,(),,,,,,(

),,,,,,(),,,,,,(

0
8

0
765430

0
87

0
654308

0
7

0
65430

0
876

0
54308

0
76

0
5430

87
0
6

0
5430

0
8765

0
430

8
0
765

0
43087

0
65

0
430

0
87654

0
308

0
7654

0
30

87
0
654

0
30876

0
5

0
430

876
0
54

0
308765

0
4

0
30

cccccccG

cccccccGcccccccG

cccccccGcccccccG

cccccccGcccccccG

cccccccGcccccccG

cccccccGcccccccG

cccccccGcccccccG

cccccccGcccccccG

),,,,,,(),,,,,,(

),,,,,,(),,,,,,(

),,,,,,(),,,,,,(

),,,,,,(),,,,,,(

),,,,,,(),,,,,,(

),,,,,,(),,,,,,(

),,,,,,(),,,,,,(

),,,,,,(),,,,,,(

),,,,,,(),,,,,,(

),,,,,,(),,,,,,(

0
8

0
7

0
65430

0
8

0
76

0
5430

0
87

0
6

0
54308

0
7

0
6

0
5430

0
8

0
765

0
430

0
87

0
65

0
430

8
0
7

0
65

0
430

0
8

0
7654

0
30

0
87

0
654

0
308

0
7

0
654

0
30

0
876

0
5

0
4308

0
76

0
5

0
430

87
0
6

0
5

0
430

0
876

0
54

0
30

8
0
76

0
54

0
3087

0
6

0
54

0
30

0
8765

0
4

0
308

0
765

0
4

0
30

87
0
65

0
4

0
30876

0
5

0
4

0
30

cccccccGcccccccG

cccccccGcccccccG

cccccccGcccccccG

cccccccGcccccccG

cccccccGcccccccG

cccccccGcccccccG

cccccccGcccccccG

cccccccGcccccccG

cccccccGcccccccG

cccccccGcccccccG

),,,,,,(

),,,,,,(),,,,,,(

),,,,,,(),,,,,,(

),,,,,,(),,,,,,(

),,,,,,(),,,,,,(

),,,,,,(),,,,,,(

),,,,,,(),,,,,,(

),,,,,,(),,,,,,(

0
87

0
6

0
5

0
430

8
0
7

0
6

0
5

0
430

0
8

0
7

0
654

0
30

0
8

0
7

0
6

0
5430

0
8

0
7

0
65

0
430

0
8

0
76

0
5

0
430

0
8

0
76

0
54

0
30

0
87

0
6

0
54

0
308

0
7

0
6

0
54

0
30

0
8

0
765

0
4

0
30

0
87

0
65

0
4

0
30

8
0
7

0
65

0
4

0
30

0
876

0
5

0
4

0
30

8
0
76

0
5

0
4

0
3087

0
6

0
5

0
4

0
30

cccccccG

cccccccGcccccccG

cccccccGcccccccG

cccccccGcccccccG

cccccccGcccccccG

cccccccGcccccccG

cccccccGcccccccG

cccccccGcccccccG

),,,,,,(),,,,,,(

),,,,,,(),,,,,,(

),,,,,,(),,,,,,(

0
8

0
7

0
6

0
5

0
430

0
8

0
7

0
6

0
54

0
30

0
8

0
7

0
65

0
4

0
30

0
8

0
76

0
5

0
4

0
30

0
87

0
6

0
5

0
4

0
308

0
7

0
6

0
5

0
4

0
30

cccccccGcccccccG

cccccccGcccccccG

cccccccGcccccccG

),,,,,,( 0
8

0
7

0
6

0
5

0
4

0
30 cccccccG   (11)

Substituting (3) in (11) and using the known characteristics

of multinomial distribution, expression for *
mlq  becomes:
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Since 1qp , expression (12) can be represented as a

double sum:
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Adding the partial probabilities ),,,(*
21ml mmnpq  by all

pairs of coefficients m1 and m2 from Table 2, the final
expression for total correction factor in case of the five-
copy transmission (m = 5) is:

5

0m

10

0m

m

0i

m

0j

m
j

m
i

ji
21ml

1 2

1 2

211mm5npq )(),(),,(

n32
2

41
1

5 p1pjmp1pimp1 ])()()()()[( .

(14)

REFERENCES

[1] Y. Liang and S. S. Chakraborty, “ARQ and packet combining with
post-reception selection”, in Proc. 60th IEEE Semiannual Vehicular
Technology Conference, IEEE VTC 2004-Fall, Los Angeles, CA,
USA, Sept. 2004, vol. 3, pp. 1835–1857.

[2] Vuković, G. Petrović, and Lj. Trajković, “Influence of majority
decision on reducing block error rate in three-copy transmission”,
XIII Telekomunikacioni forum TELFOR 2005, Beograd, Sava
Centar, 22–24 Nov. 2005.

82



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


